Abstract
Introduction and preliminaries
The famous Golden-Thompson inequality [-] for Hermitian matrices A, B states that tr e A+B ≤ tr(e A e B ). This inequality is a basic tool in quantum statistical mechanics and extensions to infinite dimension have an extensive literature [, ] . In this paper, we extend the classical Golden-Thompson theorem to normal matrices. Throughout this paper, we adopt the following notation. Let M n be the set of all n × n complex matrices. For a matrix A ∈ M n , as usual, its conjugate transpose is denoted by If in addition to x ≺ wlog y, n  x j = n  y j holds, we say that x is log-majorized by y, denoted briefly by symbols x ≺ log y. The following statement (see [, ] ) is well known: x ≺ wlog y yields x ≺ w y for vectors x, y ∈ R n + .
The formula above implies that |λ(A)| ≺ w s(A).
Lemmas
In this section, we shall propose some lemmas, laying the foundations of our main results in the next section.
Lemma . [] If A, B are positive semidefinite matrices, then
Here note that X = s  (X) is the spectral norm of X.
Lemma . If A, B ∈ M n are normal matrices, then for any integer m
Proof Take the polar decompositions A = U|A| and B = V |B|. Here U, V are unitary matrices. Since A, B are normal, we can derive that U|A| = |A|U and V |B| = |B|V (see [, ] ). Thus
Since the norm · is unitary invariant, we obtain the following:
and 
Proof Since A and B are normal, it follows from Lemma . that AB = |A| · |B| . So we get
as desired.
Lemma . If A, B ∈ M n are normal matrices, then for integers m
Proof By Lemma ., we have AB  = λ  (|A|  · |B|  ), and
Applying Lemma . to the right side above, we have the following:
Thus we get AB m ≤ λ  (|A| m · |B| m ) for integers m ≥ , as desired.
Here we note that |A m | = |A| m holds for any normal matrix. Proof For  ≤ k ≤ n, consider the kth antisymmetric tensor product
The following lemma needs the notion of the Grassmann power
In particular, 
Main results
In this section, we shall present the main results of this paper. 
Here we note that 
